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Abstract 
If t(n) denotes the minimum number of empty triangles in all drawings of the complete graph 
of order n then t(n)~< 2n-  4 is proved and t(n)>~2n/3 is conjectured. (~) 1998 Elsevier Science 
B.V. All rights reserved 
Drawings D(G) of a graph G are realizations of  G in the plane where the vertices are 
mapped into distinct points (also called vertices of D(G)) and the edges are mapped 
into curves (also called edges of  D(G)) connecting corresponding vertices in such 
a way that two curves have at most one point in common, either an endpoint or a 
crossing. Thus any two edges intersect one another at most once and two edges with 
a common vertex are not allowed to intersect one another. 
Empty triangles in a drawing D(Kn) of the complete graph K, are three vertices such 
that their corresponding three edges include respectively exclude all n - 3 remaining 
vertices of  D(K,,). The maximum number of  empty triangles in D(K,,) is (~), for 
example, if the vertices of  a convex n-gon are connected by its diagonals. What aboul 
the minimum number t(n) of empty triangles in drawings D(K,,)? 
I f  only straight line segments are allowed for the edges in D(K,,) then the question 
for the minimum number 7(n) of  empty triangles is a known geometrical problem. As 
results t (n )<2n 2 was proved by Bfirfiny and F/iredi [1]. Valtr [3] improved this to 
7(n)< 1.8n 2. From [2] the lower bound t(n)~>2n 2 -5n  + 10 is known for n~> 13 so 
as the exact values t(n) = n 2 - 5n + 7 for 3 ~< n ~< 9, t(10) = 58, t(11 ) -- 75, 7(12) = 94 
or 95. Thus, the order of  magnitude for ~(n) is n 2. Here an example is presented which 
proves the order of magnitude for t(n) to be at most linear. 
Theorem. The minimum number t(n) of empty triangles in drawings D(K,,) o f  the 
complete graph K, is at most linear in n : t(n ) <~ 2n - 4. 
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Fig. 2. 
Proof. The drawings D(K~) indicated in Fig. 1 only have 2n-  4 empty triangles 
determined by (1,2, i)  for 3<<.i<<.n and ( i ,n -  1,n) for l<<.i<<.n -2 .  - Moreover, the 
drawings in Fig. 1 have the properties (1) that the maximum number (4) of crossings 
is attained, (2) that one edge has the maximum number (n22) of crossings, and (3) 
that every subdrawing D(Kj) induced by any j vertices has properties (1) and (2). [] 
What about a lower bound for t(n)? Is it possible to find a D(K,) without empty 
triangles? Consider any triangle of  a D(Kn). This triangle is empty or it contains at least 
one vertex which can be connected to the vertices of  the triangle in the two possibilities 
as shown in Fig. 2. Thus, at least one smaller, triangle occurs inside the first triangle 
which is empty or contains a vertex. Continuation of this process leads to at least one 
empty triangle. Another empty triangle is guaranted if one starts outside of  the first 
triangle. Together t(n)~>2 is proved. A better lower bound t(n)>1 2n would prove for 
t(n) its linear order of  magnitude. This bound could be obtained if the following is 
true. 
Conjecture. Every vertex in any drawing D(Kn) is a vertex of at least two empty 
triangles. 
To prove the contrary one has to consider the n - 1 'rays' of  the star K~,n and weave 
in all remaining edges as the dotted edges in Fig. 3 such that together with the central 
vertex of Kl,n none or at most one empty triangle originates. Only two empty triangles 
at vertices are possible as in the D(K6) in Fig. 3 or for the vertices 3, 4 . . . .  , n - 3 in 
Fig. 1. 
For 3~<n~<6 the exact values are t(n)= 2n -4 .  Is 2n -4  valid in general? 
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